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a b s t r a c t
In this paper, we introduce Rédei type blocking sets in projective Hjelmslev planes over
finite chain rings. We construct, in Hjelmslev planes over chain rings of nilpotency index 2
that contain the residue field as a proper subring, the Baer subplanes associated with this
subring as Rédei type blocking sets. Two further examples of Rédei type blocking sets are
given for planes over Galois rings generalizing familiar constructions in projective planes
over finite fields.
© 2010 Elsevier B.V. All rights reserved.
1. Preliminary results
The aim of this paper is to generalize the notion of a Rédei type blocking set to coordinate projective Hjelmslev planes
over finite chain rings and construct examples of such blocking sets.
In what follows, we focus on Hjelmslev planes over chain rings of nilpotency index 2, i.e. chain rings with rad R 6= (0)
and (rad R)2 = (0). Thus we have always |R| = q2, where R/rad R ∼= Fq. Chain rings with this property have been classified
in [1,6]. If q = pr there are exactly r + 1 isomorphism classes of such rings. These are:
• for every σ ∈ Aut Fq the ring Rσ ∼= Fq[X; σ ]/(X2) of the so-called σ -dual numbers over Fq with underlying set Fq × Fq,
componentwise addition and multiplication given by (a0 + Xa1)(b0 + Xb1) = a0b0 + X(a1b0 + aσ0 b1);• the Galois ring GR(q2, p2) ∼= Zp2 [X]/(f (X)), where f (X) ∈ Zp2 [X] is a monic polynomial of degree r , which is irreducible
modulo p.
The rings Rσ with σ 6= id are non-commutative, while Rid is commutative. We have also that char Rσ = p for every
σ . The Galois ring GR(q2, p2) is commutative and has characteristic p2. From now on we denote by R a finite chain ring of
nilpotency index 2.
Let R be a finite chain ring of nilpotency index 2 and let rad R = θR = Rθ for some θ ∈ rad R \ (0). Consider the module
M = R3R and define the sets P andL by
P = {xR | x ∈ H}, L = {xR+ yR | x, y linearly independent},
as well as an incidence relation I ⊆ P × L by set-theoretical inclusion. For the incidence structure (P ,L, I) define also a
neighbour relation by the following axioms:
(N1) the points X, Y ∈ P are neighbours (X Y ) iff there exist two different lines incident with both of them;
(N2) the lines s, t ∈ L are neighbours (s t) iff there exist two different points incident with both of them.
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Definition 1. The incidence structureΠ = (P ,L, I)with the neighbour relation is called the (right) projectiveHjelmslev
plane over R and is denoted by PHG(R3R).
The relation is an equivalence relation on P and on L. The class [X] of all points which are neighbours to the point
X = xR consists of all free rank 1 submodules contained in xR + Mθ . The class [s] of all lines which are neighbours to
s = xR+ yR contains all free rank 2 submodules contained in xR+ yR+Mθ .
The next theorems in this section provide basic knowledge about the structure of projective Hjelmslev planes over finite
chain rings. They are special cases of more general results (cf. [3] and the references there).
Theorem 2. Let Π = PHG(R3R), where R is a chain ring with |R| = q2, R/rad R ∼= Fq. Then
(i) |P | = |L| = q2(q2 + q+ 1);
(ii) every point (line) has q2 neighbours;
(iii) every point (line) is incident with q(q+ 1) lines (points);
(iv) given a point P and a line l with PIl, there exist exactly q points on l which are neighbours to P and exactly q lines through P
which are neighbours to l.
Denote by pi the natural homomorphism pi : R3 → R3/R3θ . The mapping induced by pi acting on the submodules of R3 is
denoted again by pi . For every point X and every line l, we have
[X] = {Y ∈ P |pi(Y ) = pi(X)}, [s] = {t ∈ L|pi(t) = pi(s)}.
Denote by P (1) (resp.,L(1)) the set of all neighbour classes of points (resp., neighbour classes of lines).
Theorem 3. The incidence structure (P (1),L(1), I(1)) with I(1) defined by
[X]I(1)[s] ⇔ ∃X ′ ∈ [X], ∃s′ ∈ [s]: X ′Is′
is isomorphic to the projective plane PG(2, q).
LetΠ = (P ,L, I) = PHG(R3R). Given a point P , denote byL(P) the set of all lines ofL incident with points from [P]. For
two lines s, t ∈ Lwe write s ∼ t if s and t coincide on [P]. Denote byL1 a complete set of representatives of the lines from
L(P).
Theorem 4.
([P],L1, I|[P]×L1) ∼= AG(2, q).
Let l be a line inΠ . DefineP byP = {s ∩ [X] | X l, s ∈ L, s l} ∪ {P∞} and an incidence relation I ⊆ P×L by
(s ∩ [P])It ⇐⇒ t ∩ (s ∩ [P]) 6= ∅, (P∞)It ⇐⇒ t l.
For two lines l1, l2 ∈ Lwe write l1 ∼ l2 if they are incident under Iwith the same elements ofP. Denote by L a set of lines
containing exactly one representative from each equivalence class ofL under∼.
Theorem 5. The incidence structure (P,L, I |P×L) is isomorphic to PG(2, q).
By AHG(R2R)we denote the (right) affine Hjelmslev plane over R, which is obtained by deleting a neighbourhood class of
lines from PHG(R3R).
LetΠ = (P ,L, I) be a projectiveHjelmslev plane. AnymappingK : P → N0 from the set of points P to the nonnegative
integers is called a multiset inΠ . The integer K(P), P ∈ P , is called the multiplicity of P . The mapping K induces a mapping
on the subsets of P by
K(Q) =
∑
P∈Q
K(P), Q ⊆ P .
The induced mapping is denoted again by K. The integer |K| = K(P ) is called the cardinality or the size of K. The support
supp K of a multiset K is the set of points of positive multiplicity: supp K = {P ∈ P | K(P) > 0}. Multisets K with
Im K = {0, 1} are called projective multisets. They can be considered as sets by identifying them with their support. Given
a finite setQ ⊆ P , we define the characteristic function χQ ofQ by χQ(P) = 1 if P ∈ Q, and 0 otherwise.
Two multisets K′ and K′′ in the projective Hjelmslev planeΠ are said to be equivalent if there exists a collineation σ in
Π such that K′(P) = K′′(σ (P)) for every point P ∈ P .
Definition 6. A multiset K in (P ,L, I) is called a (k, n)-blocking multiset if
(i) K(P) = k;
(ii) K(`) ≥ n for every line ` ∈ L;
(iii) there exists at least one line `0 with K(`0) = n.
A (k, n)-blocking multiset K is called reducible if there exists a (k′, n)-blocking multiset K′ with k′ < k and K′(P) ≤ K(P)
for every point P ∈ P . A blockingmultiset that is not reducible is called irreducible. In this paper,we consider (k, n)-blocking
sets with n = 1. They are called just blocking sets of size k.
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2. General results on blocking sets
As in the classical case of blocking sets in the planes PG(2, q), we wish to determine the possible sizes of the irreducible
blocking sets. It is known that the minimal size of a blocking set in PHG(R3R), |R| = q2, is q2 + q. Such a blocking set consists
of the points of a single line. There exist irreducible blocking sets of size q2 + q+ 1. They are classified in [4] as follows:
(1) the blocking set K defined by
K(P) =
{
1 if P ∈ `0 \ [X] ∪ {X} or P ∈ `1 ∩ [X],
0 otherwise,
where `0, `1 are neighbour lines and X ∈ `1 \ `0;
(2) a Baer subplane isomorphic to PG(2, q).
Blocking sets of the first type exist in every Hjelmslev plane, and, in particular, in every Hjelmslev plane over a chain
ring of nilpotency index 2. They can be considered as trivial since their image under the canonical epimorphism pi contains
as a summand q times the characteristic function of some line in the factor geometry PG(2, q). Blocking sets of the second
type exist if and only if the coordinate chain ring of the corresponding Hjelmslev plane contains a subring isomorphic to
the residue field. A natural question is that of the size of the smallest nontrivial blocking set in the Hjelmslev plane over the
Galois ring GR(q2, p2).
3. Blocking sets of Rédei type in projective Hjelmslev planes
LetΠ = PHG(R3R), where R is a chain ringwith q2 elements of nilpotency index 2. ByΓ = {γ0 = 0, γ1 = 1, γ2, . . . , γq−1},
we denote a set of elements from R no two of which are congruentmodulo rad R, and by θ an arbitrary element of rad R\(0).
Until the end of the paper, R, Γ and θ will have this meaning.
As already noted, the affine plane AHG(R2R) is obtained by deleting a neighbour class of lines (the class at infinity) together
with all points incidentwith a line in this class.With no loss of generality, we can take the class [Z = 0] as the class at infinity.
This class consists of all lines with equations of the form aX + bY + Z = 0, where a, b ∈ rad R. All points incident with lines
in this class have homogeneous coordinates (x, y, z)with z ∈ rad R. The points outside this class have coordinates (x, y, 1),
x, y ∈ R. The points of the affine plane AHG(R2R) are identified with the pairs (x, y), where x, y ∈ R. The lines of AHG(R2R)
have equations Y = aX + b or X = cY + d, a, b, d ∈ R, c ∈ rad R. We say that a line of the first type has slope a. A line with
equation X = cY + d is said to have slope∞j if c = θγj, j = 0, 1, . . . , q− 1.
Let P = (x1, y1) and Q = (x2, y2) be points in AHG(R2R). It is readily checked that a line ` through P and Q has slope a,
a ∈ R∗, if the line in PHG(R3R) through (x1, y1, 1) and (x2, y2, 1)meets Z = 0 in (1, a, 0). Similarly, a line ` through P and Q
has slope∞j if it meets Z = 0 in (θγj, 1, 0). The infinite points on the line Z = 0 can be identified with the slopes. So, (a)
(resp. (∞j)) will denote the infinite point from Z = 0 of the lines with slope a (resp.∞j).
Definition 7. Let U be a set of q2 points in AHG(R2R). We say that the infinite point (a) is determined by U if there exist
different points P,Q ∈ U such that P,Q and (a) are collinear in PHG(R3R).
Theorem 8. Let U be a set of q2 points in AHG(R2R). Denote by D the set of infinite points determined by U and by D
(1) the set
of neighbour classes on the infinite line containing points from D. If |D| < q2 + q then there exists an irreducible blocking set in
PHG(R3R) of size q
2 + q+ 1+ |D| − |D(1)| that contains U. In particular, if D contains representatives from all neighbour classes
on the infinite line, then B = U ∪ D is an irreducible blocking set of size q2 + |D| in PHG(R3R).
Proof. Imbed AHG(R2R) into PHG(R
3
R) by adding a class of lines [`]. Let ` be the fixed line at infinity from this class. Construct
a blocking set B by taking: (a) all points from U , (b) all infinite points determined by U and (c) one arbitrarily chosen point
from each point class from [`] \ D(1). Clearly, all lines not in [`] are blocked by the points of U ∪ D. On the other hand, the
infinite points from D, together with the additional q+ 1− |D(1)| points from the classes of [`] \ D(1), block all lines in [`].
Hence all lines are blocked and the size of B is
|B| = |U| + |D| + (q+ 1)− |D(1)| = q2 + q+ 1+ |D| − |D(1)|.
If D contains representatives from all neighbour classes on points contained in [`], we have |D(1)| = q + 1 and
[`] \ D(1) = ∅, whence the result follows. 
Definition 9. A blocking set of size q2+u is said to be of Rédei type if there exists a line `with |B∩ `| = u and |B∩[`]| = u.
The construction from Theorem 8 gives blocking sets of Rédei type of size at most 2q2 + q− 1. We are interested in sets
U that are obtained in the form
U = {(x, f (x)) | x ∈ R}
for some suitably chosen function f : R → R. Let P = (x, f (x)) and Q = (y, f (y)) be two different points from U . We have
the following possibilities:
(1) If x− y 6∈ rad R then P and Q determine the point (a), where
(a) = (f (x)− f (y))(x− y)−1.
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(2) If x− y ∈ rad R \ (0) and f (x)− f (y) 6∈ rad R, the points P and Q determine the point (∞i) if
(x− y)(f (x)− f (y))−1 = θγi, γi ∈ Γ .
(3) If x − y ∈ rad R \ (0) and f (x) − f (y) ∈ rad R, say x − y = aθ , a 6= 0, f (x) − f (y) = bθ , a, b ∈ Γ , the points P and Q
determine all points (c)with c ∈ ba−1 + rad R.
4. Baer subplanes as Rédei type blocking sets
Let R be a chain ring with |R| = q2, R/rad R ∼= Fq that contains a proper subring isomorphic to its residue field. Then
R = Fq[θ; σ ]/(θ2) for someσ ∈ Aut Fq. It has been noted in [4] that PHG(R3R) contains a subgeometry isomorphic to PG(2, q)
which is an irreducible blocking set with two intersection numbers: 1 and q + 1. This blocking set is of Rédei type. Below
we give an explicit construction of this blocking set as the graph of a function from R to R.
Define
f :
{
R → R
a+ θb → b+ θa. (1)
In this case the set U = {(x, f (x)) | x ∈ R} determines q + 1 infinite points and D(1) contains representatives from all
neighbour point classes in [`]. Consider the points P = (a+ θb, b+ θa) and Q = (c + θd, d+ θc), a, b, c, d ∈ Γ = Fq.
(1) Let a = c. Then b 6= d since otherwise P and Q coincide. We have
x− y = θ(b− d), f (x)− f (y) = b− d.
Hence P and Q determine the infinite point (∞1).
(2) Let a 6= c. We have
(f (x)− f (y))(x− y)−1 = ((b− d)+ θ(a− c))((a− c)+ θ(b− d))−1
= ((b− d)+ θ(a− c))
(
1
(a− c) − θ
b− d
(a− c)σ (a− c)
)
= b− d
a− c + θ
(
1− (b− d)
σ (b− d)
(a− c)σ (a− c)
)
.
Assume that P ′ = (a′+ θb′, b′+ θa′) and Q ′ = (c ′+ θd′, d′+ θc ′) are two points that determine an infinite point which
is a neighbour to the infinite point defined by P and Q . Then b−da−c = b
′−d′
a′−c′ which implies that
b− d
a− c + θ
(
1− (b− d)
σ (b− d)
(a− c)σ (a− c)
)
= b
′ − d′
a′ − c ′ + θ
(
1− (b
′ − d′)σ (b′ − d′)
(a′ − c ′)σ (a′ − c ′)
)
.
Hence, if P,Q on one side, and P ′,Q ′ on the other, determine infinite points that are neighbours, then they determine the
same infinite point. Therefore, the points of U determine at most one point in each neighbour class of infinite points. On the
other hand, (b− d)(a− c)−1 runs through all elements of Fq (take, for instance a = 1, c = d = 0, b free). Therefore exactly
one infinite point is determined in each neighbour class of the infinite line. Hence the points of U determine exactly q + 1
directions.
We can compute the parameters of the Rédei type blocking sets given by (1) also for the plane over the Galois ring
R = GR(q2, p2). We have that R = Zp2 [X]/(g(X)), where g is an irreducible polynomial modulo pwhich is of degreem ≥ 1.
Then |R| = p2m and rad R = (p). Let us fix
Γ = {γ0 = 0, γ1, γ2, . . . , γq−1},
where γi − γj 6∈ (p), for 0 ≤ i < j ≤ q− 1. It can be shown that the set U determines exactly q2 − q+ 2 directions and the
size of the corresponding Rédei type blocking set is 2q2 − q+ 2.
Let P = (a+bp, b+ap) and Q = (c+dp, d+ cp), where a, b, c, d ∈ Γ . If a = c and b 6= d, the points P and Q determine
the infinite point (∞1). If a 6= c , P and Q determine the infinite point (α)with
α = b− d
a− c +
(
1− (b− d)
2
(a− c)2
)
p. (2)
We have α ∈ rad R iff b = d. In this special case (α) = (p). Now assume that b 6= d. Then α ∈ R \ rad R and the number of
different directions determined by the points of U is equal to the different values taken by b−da−c , a 6= c.
Now we are going to prove that for every α ∈ R \ rad R there exist a, b, c, d ∈ Γ such that α = b−da−c . Consider the
elements αx+ywhere x, y ∈ Γ . If {αx+y|x, y ∈ Γ } = R, there is nothing to prove. Otherwise, there exist x1, x2, y1, y2 ∈ Γ ,
(x1, y1) 6= (x2, y2) such that
αx1 + y1 = αx2 + y2.
Hence α(x1− x2) = y2− y1. We have that x1− x2 ∈ rad R implies x1 = x2 and, similarly, y1− y2 ∈ rad R implies y1 = y2. If
one of the differences x1 − x2, y2 − y1 is 0 then the other is also 0, which is a contradiction to (x1, y1) 6= (x2, y2). Hence the
differences x1− x2 and y2− y1 are invertible and we obtain α in the desired form by setting a = x1, b = y2, c = x2, d = y1.
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It is known that the projective Hjelmslev plane PHG(R3R), where R = GR(q2, p2), does not contain a subplane isomorphic
to PG(2, q). As noted in [4], there exist blocking sets of size q2 + q + 1 also in this case, but they are in some sense trivial
since their support is contained in a class of neighbour lines. We have shown that the Rédei type blocking set obtained from
the function (1) turns out to be large. It has≈ 2q2 points. It is interesting to construct blocking sets with a relatively small
number of points k, say k = Cq2+ o(q2)with C < 2, such that their image under the canonical epimorphism pi : P → P (1)
does not contain as a summand qχ` for some line ` in PG(2, q). Two such blocking sets are presented in the next two sections.
5. Rédei type blocking sets in planes over Galois rings of odd characteristic
In this section,wedescribe a generalization of a familiar construction for projective planes over prime fields.Wemakeuse
of the isomorphism between the ring of Witt vectorsW2(Fq) and the Galois ring GR(q2, p2). As before, we restrict ourselves
to chain rings of nilpotency index 2.
The ringW2(Fq) of ring vectors of length 2 over Fq is defined as the set of all pairs (a, b) ∈ Fq × Fq with the following
addition and multiplication:
(a0, a1)+ (b0, b1) =
(
a0 + b0, a1 + b1 − 1p
p−1∑
j=1
(
p
j
)
aj0b
p−j
0
)
,
(a0, a1) · (b0, b1) = (a0b0, ap0b1 + bp0a1).
The unit ofW2(Fq) is (1, 0) and p(a0, a1) = (0, ap0).
Let R = GR(q2, p2). If we set Γ (R) = {α ∈ R | αq = α} then every element x ∈ R can be written as x = a0 + a1p where
a0, a1 ∈ Γ (R).
Theorem 10. The ring of Witt vectors W2(Fq) is isomorphic to R = GR(q2, p2). In particular, the map
φ :
{
R → W2(Fq)
a0 + a1p → (a0, a1p),
where a = a+ rad R, is a ring isomorphism.
For a proof of this result see [6] or [8].
Now let q = pm, where p is odd. We are going to define f as a function onW2(Fq). For x = (a0, a1), set
f (x) =
{
(a0, a1) if a0 is a square in Fq,
(−a0,−a1) if a0 is a non-square in Fq. (3)
Theorem 11. Let R = GR(q2, p2), q = pm, p odd. The set U = {(x, f (x)) | x ∈ R}, where the function is defined in (3) determines
q2
2
+ 3
2
q
directions in AHG(R2R). Furthermore, there exists a Rédei type blocking set in PHG(R
3
R) of size
3
2
q2 + 2q− 1
2
.
Proof. The points are contained in two lines: X = Y and X = −Y . Let x = (a0, a1), y = (b0, b1), where ai, bi ∈ Fq.
(1) Let x− y 6∈ rad R.
(1.1) If a0 and b0 are both squares in Fq then
f (x)− f (y)
x− y =
(a0, a1)− (b0, b1)
(a0, a1)− (b0, b1) = 1.
(1.2) If a0 and b0 are both non-squares in Fq then
f (x)− f (y)
x− y =
(−a0,−a1)− (−b0,−b1)
(a0, a1)− (b0, b1) = −1.
(1.3) Let a0 be a square and let b0 be a non-square. Note that b0 6= 0 and (b0, b1) ∈ R∗. We have
f (x)− f (y)
x− y =
(a0, a1)− (−b0,−b1)
(a0, a1)− (b0, b1) =
(a0,a1)
(b0,b1)
+ 1
(a0,a1)
(b0,b1)
− 1 =
z + 1
z − 1 ,
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where z ∈ W2(Fq) is of the form z = (a0b−10 , ∗), i.e. the first component of z is a non-square. The number of such elements
z is q(q− 1)/2, since we have (q− 1)/2 choices for the first and q choices for the second component of z.
(1.4) Let a0 be a non-square and b0 be a square. As in (1.3),
f (x)− f (y)
x− y =
(−a0,−a1)− (b0, b1)
(a0, a1)− (b0, b1) =
(b0,b1)
(a0,a1)
+ 1
(b0,b1)
(a0,a1)
− 1 =
z + 1
z − 1 .
Hence (f (x)− f (y))/(x− y) runs through the same q(q− 1)/2 values as in case (1.3).
(2) Let x− y ∈ rad R. Therefore a0 = b0 and hence a1 6= b1 (otherwise x = y).
(2.1) Let a0 be a square. Then
x− y = (a0, a1)+ (−a0,−b1)
=
(
0, a1 − b1 + 1p
p−1∑
j=0
(−1)p−jaj0ap−j0
)
= (0, a1 − b1),
f (x)− f (y) = (a0, a1)− (a0, b1) = (0, a1 − b1).
In this case we get as directions all points (c)with c ∈ 1+ rad R.
(2.2) Let a0 be a non-square. As above, x − y = (0, a1 − b1) and f (x) − f (y) = (0, b1 − a1). In this way, we get all the
points (c)with c ∈ −1+ rad R. Note that (1+ rad R) ∩ (−1+ rad R) = ∅ since char R is odd.
We have proved that the number of all directions determined by U is
q(q− 1)
2
+ 2q = q
2
2
+ 3q
2
.
Now it remains to be noted that |D(1)| = (q+ 3)/2 and use Theorem 8. 
Remark 12. It is possible to generalize the construction of Theorem 11 along the lines of one construction by Rédei and
Megyesi [7] (cf. also [2], Example 2.3). One possible generalization would run as follows.
Let R be a chain ring with |R| = q2, R/rad R ∼= Fq. Let G be a subgroup of R∗ and let H be a subgroup of (R/rad R)∗. Define
the pointset U by
U = {(0, 0)} ∪ {(a, 0) | a ∈ G} ∪ {(a, 0) | a ∈ R∗ \ G}
∪ {(0, θb) | b ∈ Γ , b+ rad R ∈ H} ∪ {(0, θb) | b ∈ Γ , b+ rad R 6∈ H}. (4)
The number of directions determined by U is (q2 + q)/2 − |G|. It is a bit tricky to determine the size of D(1). In the case of
Galois rings R = GR(q2, p2), q = pr , (which is the case important to us) the group R∗ is a direct product of a cyclic group
G1 of order q − 1 and r cyclic groups of order p. If we take G be a subgroup containing G1 then D1 = q + 1. For example, if
|G| = (q2 − q)/p then we get a blocking set of B size
|B| =
(
2− 1
p
)
q2 +
(
1+ 1
p
)
q.
In the case of p = 2, we get |B| = 3/2(q2 + q)which is a bit better than Theorem 11.
The other Rédei–Megyesi construction where the points of U are in two parallel lines can also be generalized. It yields
blocking sets of (roughly) the same size.
6. Rédei type blocking sets from the trace function
Nowwe are going to present a better construction for blocking sets in planes over Galois rings. To this end, we give some
properties of the trace function in Galois rings. For a detailed treatment of the subject, we refer the reader to the survey [5]
and the references there.
Let R = GR(q2, p2), q = ps, p a prime, and set Γ (R) = {α ∈ R | αq = α}. Each element α ∈ R can be represented
uniquely as α = a0 + a1p where ai ∈ Γ (R). Denote by Aut R the group of all automorphisms of R. This group is cyclic of
order s. All automorphisms of R are given by
σ(α) = api0 + ap
i
1 p, i = 0, . . . , s− 1.
Let S be a Galois extension of R degree m, i.e. S = GR(q2m, p2). Denote by Aut (S : R) the group of all automorphisms of S
fixing the elements of R. This group is cyclic of orderm and is generated by
σ0(α) = aq0 + aq1p.
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Define the trace function TrS:R : S → R by
TrS:R(x) =
∑
σ∈Aut (S:R)
σ(x).
The following properties of the trace function are easily checked (see e.g. [5]):
(1) for all α ∈ S and for all a ∈ R, TrS:R(aα) = aTrS:R(α);
(2) for all α, β ∈ S, TrS:R(α + β) = TrS:R(α)+ TrS:R(β);
(3) for all c ∈ rad S, TrS:R(c) ∈ rad R;
(4) for every b ∈ R, the equation TrS:R(x) = b has exactly |S|/|R| = q2(m−1) solutions.
Until the end of the section, let R = GR(q2, p2) and let S = GR(q2m, p2) be an extension of R of degree m, i.e. S =
R[X]/(g(X))where g is a monic polynomial of degreemwhich is irreduciblemodulo p. Nowwe define a Rédei type blocking
set by setting
f (x) = TrS:R(x).
Theorem 13. Let R = GR(q2, p2) and let S be an extension of R of degree m. The set U = {(x, f (x)) | x ∈ S} defined by the
function f (x) = TrS:R(x) determines
qm − 1
q− 1 q
m
directions in AHG(S2S ). There exists a Rédei type blocking set in PHG(S
3
S ) of size
q2m + qm + 1+ q
m − 1
q− 1 q
m − qm−1.
Proof. Let P = (x, f (x)), Q = (y, f (y)) be two different points from U , i.e. x 6= y. If x − y ∈ rad S = (p), then TrS:R(x) −
TrS:R(y) = TrS:R(x− y) is in rad R. Hence the points from U are contained in q2m/qm = qm neighbour classes of points.
(1) Assume x− y ∈ rad S, e.g. x− y = pa, a ∈ Γ (S) \ {0}; then
f (x)− f (y) = TrS:R(x)− TrS:R(y) = TrS:R(x− y) = TrS:R(pa) = pTrS:R(a) = pb,
where b = TrS:R(a) ∈ Γ (R). Thus P and Q determine again qm directions: these are all directions c ∈ a−1b+ rad S.
Now let P ′ = (x′, f (x′)), Q ′ = (y′f (y′)) be two other points with x′ − y′ = pa′, where a′ ∈ ac + rad S, for some c ∈ R∗.
Then x′ − y′ = pac and
f (x′)− f (y′) = TrS:R(x′ − y′) = TrS:R(pac) = pcTrS:R(a) = pbc.
The P ′ and Q ′ determine the same q directions from the coset a−1b+ rad S. Conversely, if P ′ and Q ′ determine the directions
from a−1b + rad S then a′ = ac for some c ∈ R∗. The number of classes of the form ac + rad S with c ∈ R∗ is equal to the
number of cosets γ + rad S in S/rad S with γ ∈ R∗. For a fixed a ∈ Γ (S) \ {0}, this number is q − 1. Hence the number of
all directions is equal to the number of all elements in the cosets a−1TrS:R(a)+ rad S, with a ∈ Γ (S) \ {0}. This number is
qm − 1
q− 1 · |rad S| =
qm − 1
q− 1 q
m.
(2) Now let x− y ∈ S∗. Then P and Q determine the direction
f (x)− f (y)
x− y =
TrS:R(x)− TrS:R(y)
x− y =
TrS:R(x− y)
x− y =
TrS:R(z)
z
,
where z ∈ S∗. We are going to prove that this direction has been already determined in (1). We have to demonstrate that
for each z ∈ S∗, there exists an a ∈ Γ (S) \ {0} such that
TrS:R(z)
z
− TrS:R(a)
a
∈ rad S.
Let z = a0 + a1p, a0, a1 ∈ Γ (S), a0 6= 0. Set a = a0. Then
TrS:R(z)
z
− TrS:R(a)
a
= a0TrS:R(a1)− a1TrS:R(a0)
a0(a0 + a1p) · p ∈ rad S.
It remains to note that |D(1)| = qm/q = qm−1, whenceweobtain that the size of the Rédei type blocking set is as required. 
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